
Complex series

Series convergence

= an convE) both Recen andna G

Unit corr and analyticity It finet uniformly on D and each th is analytic eeD
,

then fis malyc an D

Taylor's The

Suppose fS2] is analytic for 12-201 < P
,

the f(z) has
power series representation

fCほ)? 品an (E -80j
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C17-to( < p) whereanto
and

power series has RoC = R & P .
For fixeda s .% . ocrup,
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Maymeed to look again :

Uniqueness principle

It f
, g analytic on D and f(z) =g(z) for all ZEE where ESD contains

a monisolated poine, then f(z) =y(z) UzED

Weierstrass M-test Suppose Mr 20 and IMe converges .

If ye (z) satisfies 19nsIEMe ,
Zee

,
Few, theryns her unit and abs ant

Cauchy produce formula For series converging absolutely

(Fanz)([b.z = [CE" where =Zaybj
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Zeros and singularities
zeros of functionsSupposef is analytic and 10 on D

a zee 20 of f is ZotD S. e.
f(zo)=0

· A zero has order N it flzo)=(0) . . . f
-"

Ros -0 and
**

(20) Fo

=> f(z) = (z-zo)" hA) for some ha) molytic near to u/ h(z)o

Laurent series If f isaralytic on an annulus y <12-50130 ,
theno has a unique Laurent series representation f(z)= (7-20) ..+2 +... +do + g(z-20) + 92-70%-

· series converges un subannali

:“ :證 “、, 品?
Isolated Singularities

· Zo is an isolated singularity of f it f is analytic on DCZo
,

r) /3203 but not at Zo

three cases: o zo is removable if an = 0 An0

m

) f = It z =
Zoz≠

Z。
is an analytic extension of f

=) IfI is bounded near zo

=> lim f(z) exists
3 -3‰

· Zo is a pole of order N if an = on < -N and AnO

=> fz)= for someg analytic and nonzer de z

=> Zo is a zero of order N forI
←> *→2.

1f(z3/ = ∞

· Zo is an essential singularity it an to for infinitely many no

=> EEn
,

Zh -zo S .
t

. f(zn)+ L
,

flzin)-> M and MFL

Quotient-pole lemmaSuppose f, g analytic in some disk centered at zo
.

If t has a zero

of order n at zo (lefting 10 it +(zo) #O)
,

and g has a zero of order m at zo
,

the

Removable singularity at zo it men

h (E) = ,has
a[ poleof order smunl ut Zo

if m >1
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Residue
Residue Supposef has lawere series expansion f(z)tanlz-tos" on OL1E-z0KR

The residue at zo is Res[fsz)
,

zo) = a. = 6 flzidE Co <r < R)
1□ - Z

0 =γ

Residue The Let D be a domain u/ piecewise smooth boundary JD
. Suppose t is analytic on DodD except at

a finite number of isolated singularities z
, .....

EmtD
,

then (f) = IiResflzs, zj)

Rules of residue

Rule 0 : If f has a removable singularity at zo
,

then Res [f()
,

z07= 0

Rule l : If t hns apoleofoder IatZorthenResItoz 3,
50 ]2

tzzzo [[z - Zo} fiz)]
N-1

N

Rule 2: If f has a pole of order N at zo
,

then Res [f(z)
, zo] = 。口![CE-50)心+a]

Rule 3 : Iff and
g are both analytic near zo anda has a simple zero at Zo

,
then Rest .

50)=

Application of Residue

For /dy where P
,

Qare polynomials and degQ2deyp-,

Ther {app2 dz = 品¢ d×+ dz

#↓ ↓ ↓
Bvoluabe

residce iheary RSO frogers goe2. 2 .

by ML estimate
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