
Metric Spaces
Meeric Definition

Let X beasee
, p : XxX-IR is a medic such that

· positive- definite : p(x, y)=0
, p(x.) = 0 => X =

Y

·

symetric : p (4,y) = +(y, x)

· O - inequality : p(x,y) =p(x, z) +p2z,y)

Open & Closed balk letae X
,

r3o

Open ball : X = B
.
(a) #) xEX and g(x , a) < v

closed ball : X + Barlal #) xEX and p(X, a) < r

Open & closed metric spaces Let V,
EEX

· V is open in XE) AXEV
,

ESTo c+. By(V
· E is closed in XESE" is open in X

[Sequential Characterization of closed in)E) XX- X W/each XI * E implies XzE

Completeness
* metric space (X ,+) is complete if every carchy sequence converges in (X ,p)

Sequentially compact Let EEX

E is sequentially compact
-> Every bounded sequence in E has a subsequence

Converging in E
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Limit of functions
Clusterpoint Let (X

, p) be a metric space, EIX, ae X
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nns%Continuity : EEX

f : E- > Y is continuous at a GE if

scL

lmf(x) = (E) f seguaces Xn ul each XnEE c

Yn + a
, f(x) -> L

SCC

- is continuous at a FEE> - sequences Xn W/ each XoE S. %
.

Xn -39
, atE

,
then f(xn)

-> f(ul

· the coordinate function IR"-IR
,

X = CX
, , . .

.

.,
Xn) + Xj is continuous

· polynomials are continuous on 112?

wiin
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Interior
,

Closuro, Boundary
See unions and intersection.

Let (X
, y) be a metric space, A be an index set

· each Va is open in X
,

LEA =) CYAVa is open

· each Up is open in X
,

Kol ....
1 => Un is open

· each Ed is closed in X
,

LEA =>& Ex is closed

· each Ex is closed in X
,

Kel
, ....,

1 => Er is closed

Interior
,

Closue, Bourday Lee EEX, xzX

· Interio : XE*E) Er>0 S . t . Br(x) E · E =E
#) X is an interior point of E

· E is open ES E =E

· closure: Xz EE) Erco
,

Br(x)nE +q
· E isclosed => E = E

= X is a limit point of E · GE is closed
· Bornday : XEGEE) Vrso

, Br(xnEfO
and Br (630 E 4 ∅

=> X is a boundary point of E

Inferiors Let E
,

A
,

B = X

. A EB > A
ㆍ

EB
0

· E" is
open

· If V is open
and USE

,
VEEO (E" is the largest open set contained in E)

· E"= USV : V is open and USES

· (AvB)"2 A Bo (AnB)= Ano'

Closure Let E
,

A
,

B = X

。 A ≤ B ) A ε B

· E is closed

· If F is closed and ESF
,

than F & F CE is the smallest closed see containing E)

· E = &3 F ! F is closed and EEFS

· FrB = An AnB An5
'

Duality and Boundary Let EEX
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。 E = En ㎡ = E 、O
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