
· Lim Sup and Lim int :

Let Xn be bounded
,
the

· lim Sup Xn =m SupXit sp evitso
n>∞

NEIN K In
· him infxn = lime int Xk = Sup ic + XK

nt i n- K≥ 1 NEINKIn
· Limits of Functions : ·

Limxroa foxs 2 ∠ ar flas → L as x -rd

if Aa
,

Ed 20 s .

t
. Hex-1) < > Exe1 W/o <I-als

· Limits of
sequence: From Midterm

limmsos t.
aa o X1 -> d

if &ETO
, INEN

S
.
t

. UnIN
, Ixe-alds

·Sequential characterization of Limits

f(x - (a) y + =)

Hxn) -> (E Sequere
X .

+ n w/ earn X. E1((a)
· Divergence Criteria

If E
Sequence Yet a u/XnfII (a)

d
.

f
. (fSXn)7 Diverges ,

or E Sequences xn a and yea / Xn
,
yu 1149)

3.t . If (xn)3 and IfsYr13 Correages to different limits
,

thon lim f(x) DNE
X -S 9
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Limits of functions

Noee : [Sin (* +nπ))= ((-15) Fne IN

· Algebra Laws of limite of functions :

supposeInfix = L and gex

ThnSim ( ++y) (x) = L+ M, (If)Cx= CLGdER

on(

fg) Cx」 = CMa 常 6」=
歳 は M ≠ o

·Squeeze thm :

It tssag ( x)Ehex)
,
EXGI L Za )

,

and limefexs = live nex = 6
, thenim g(x)-ie

X→ a 4 -29

·Comparison 7hm :

±tfcx2 ε g ( x )
,
XXGI \ 3 a 了

,

lim +(x) = L andle glysIM ,
Xsa

then LEN

Let f : (c ,
b) + 12

, where a b

· Right hand limit :

lim fix it ↓ &30, 80 sit.

X-> at

If(x) - 2/2dXX + (b) w/aax (a + 6

· Left hand limit :

恐 b _

fcx> zlittE> e
,
五子 201 . f

.

1f(x) - () <> Vx ( (a , b) u/ b- 6 < x (b
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continuity
Letf : E + 1R

,
wher 0 * ESIR

·Continuous function : ω

「 なa能を“。皆筑20
say+ is continuous on E if If is continuous at every af E

·Sequential characterization of Continuin ≠
let fiE /R

,
where DELI ,

aGE

The f is continuous at a

=> f(xn) -> f(a) o sequences Xn
-> a W/each XnfE

· Algebraic Laws of continuous functions
Let X

, g
: #+ IR

,
where OFE FIR ,

AGE
,

if f and g are continuous at a
,

then so are

@

。

f
線 もの EIR,
otg '

· I it glasto, ty

Every polynomial is continuous
, and CP

,
Q are polynomials)

· Composite functions

Le f :A-R
, g

: Bt 1
,
where A

,
BEIR

,
f(A) -B

jy 0t((x) = y(f (x)) ,
XtA

ifIf is continuous at GGA and
o

is contenors at f(d)
,

than
g of

is continuous at a
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· Let fig : Ex IR
,
if f and g are continuous an it,

So a re :

이시
,

( 91
· Ifty1 ,

If -yl
· max 2fax), g(x)]

· Extreme Value The D 4
Let f : ca

,
be -IR be continuous

,

where asb in IB
,

then

i) f is bounded i. e . EMER S.. (f(x)/EM #x [a , b)

ii) f attains a minimum and a maximum

· Approxim property
for a sequence converging t supreme-

lees be bounded and S & IR
1

Let < = <upCS) , By the Approximation property,

FELe ,
Eats sit

. L-E(abL
let s =

h

, we have Ex13 & S sof .

L- * < Xn5h , by Squeze , Nis * = L

· Intermediate Value Thm :

Let focu ,
by - I beWors

,
where a mb iR

#t f(a) < yocf (b)
,

E Xof (a
, bS J . t . f(x0) = Yo

a Triy Ineg :

latol s lalt 1bl

llal - 1 ll la - bl
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Uniform continuity

·

uniformly continuous functions
Let fil-> IP ,

wher DEFER

- is unitonly continuous on t it FS30 , 820
C .f . (fax-fayl> Ex

, y
&E w/ (x

-

y166
* f only depend on E

· Uniform continuity and Couchy
Let f: E- > If be unitermly continuous,

whee OFEFIR,
it 3413 is coudhy / Xn & E

,
then Stex

.
3) is

carey

·Continuous to uniturely continuous The

Any continuous function f: [a, b) -) /R is

uniformly continuous
,

where a Eb

Pitterentiabilies
· Differentiable function

Let afIR
,

I an open interval containing a
,

f : I-R
,

say f is differentiable at a it

fiio 2 =☆

afoo> - =∴
。 flat>-

丝
exists

,
and I is differentiable on I if t is differentiable

on every at I
. - "Cas = If')'cal

,
in general

,
fin)(a) = (f"-")'(a)

,
ne IN

· continuously differentiable

& is continuously differentiable on I and write fo CCI)
it f' exists and is continuous on I

CVSI) =

3
fIF-IR

,
fis c fires (

*

CI) =

1
fil-IR : f is smooth or indefinitely

continuously differentiable differentiable forexises on I

REIN Un EIN
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· Differentiability on non-open intervals

f: Ca ,
b ] -3 6p

,

fla )=yax =0+
f ' 6b)=数発 5上

。-
· Differentability implies continuity The

It f is differentiable at a
,

then f is continuous at a

· Chain Rule
Let f : I YIR

, g : Jt/
,

where I
, J one

open intervals
and fli) &J

Suppose f is diffable at a fl and
y is diffble at flul

,

The
g of

is diffble at a
,

and Sgoff'ca) = g(ful) flat

· Algebraic Rules of differentiable funcens
Let +

, g
: If IR be differentable of a

where I is an internal containing a

The feg ,
Sof (ALEIR)

, ty , E(g(asto) are all differentiable of a

·(f+ +y)' (a) = f(su) + y'(a)
o 25)' (a) = αf 「 (u )

:
5y" Ica

, z Iheay
ycuse tol

glonl / jca ) =㎡
· Power rule

(X
^

)
'
a nx

^ - 1
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Near Value Theorem
a Rolle's Thm :

Let f = (a , b) -> IR be continuous an [a
, b) and differentiane on (a , b)

If flal=f(b)
,

then a c (a, b)

3 .

t. f(() = 0

· Mean Value Thm :

Let f
, g

: [a , b) -IR be continuous on [a
,
b

and differentiable on (a ,
b)

,

then EC Elab) s .
t f'(r)=cb-

fal

moreyenerally ,
E DE(a ,b)of

fco) a Cyobs - goas ) =

y
'

cos ( fobs - fcas)

· strictly or non strictly increasing ande
Let f: Ca

,
b) - IR be is or casting

and diffble on (a
, b)

f is :

· strictly insensing it flsx20 FX σ caib ) fex ) cflys it x <y)
· increasing it f'(x)[0 fexs fay )

θ sercely decreasing it f(x) < o f(x) 7 f(y)
· decreasing it t

'
s43 1 o ↓ ㅣ flxs - fay ) ↓

_· Constant it fβ
(x3 = o flx) a tlys

· Intermediate Value This for derivatives
Let f : [a

,
b) -IR be diffible w/f(a) #f'(b) ,

과 f'(a) < Yo < f(b) or flb) < yo < flu)
,

then EJE(a, b) S . t . f() = Yo
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· Heire Cantor Thm

It fita ,b) -> IR is differentiable w/ fisos

being bounded an (a
, b)

,

then f is uniformly continuous

·Second derivative tee

Let at /R
,
I an open interval containing a f : I- IR differentiable.

If fisa) = 0 and focal 20
,

then f has a local minimum

at a
, i. e .

160 u/ Ca - S
,

a + 6) & I

3.t · f(x)] f(a) ( X = (a- 6
,

a + b)

· Carchy Sequences :

Exis is
carey if Asso

,

- NEIN Se .
(Xm-Xol < E

,
En

,
m IN
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