MATH 320-3: Real Analysis III Notes

Topology, Differentiability, and Measure

Compactness
o Covers
LetE C X.
An open cover of E is V = {V, : @ € A} of open sets V, in X
such that £ C U V.
a€A
V has a finite subcover if 3 a finite set Ao € A such that E C U Va.
a€cAy
e Compactness

E is compact <= every open cover of E has a finite subcover.

Compact iff sequentially compact

In a metric space X, E C X, E is compact <= E is sequentially compact.

Heine-Borel

In a metric space X with the Bolzano-Weierstrass property, £ C X,

E is compact <= FE is closed and bounded.

Uniform Continuity

f continuous on compact £ = f is uniformly continuous on E.

Continuity preserves compactness

f is continuous on compact E = f(FE) is compact in Y.

Continuity and pre-image

f is continuous on E &= f~!(U) isopenin E, VU openinY,

& f(B)isclosedin E, VBclosedinY.



Extreme Value Theorem

@ # E compact, f : E — R continuous

== FXmin, Xmax € E such that f(xpyin) = n}gin o f(max) = mi}x f.

Continuity of inverse function
f continuous on compact E, f one-to-one = f ~! is continuous.
Images and pre-images

Let X,Ybesetsand f : X — Y.

f(U E) = | rga), f(ﬂ E) c () f(Ea).

acA acA acA acA
£ (U BQ) -Jr'ea, ! (ﬂ B(,) = () 7' (Ba).
acA acA acA acA

f(ANB) = f(A) N f(B) when f is one-to-one.
Dense and separable

LetE C X.
EisdenseinX = E=X e Vxe X, YopenV3x, VNE # 2.

X is separable if it has a countable dense subset.
Lindelof’s Theorem

Let X be separable and E C X.

Every open cover {V,, : @ € A} of E has a countable subcover.
Subspace topology

Let X be a metric space, E € X, U,A C E.
Uisopenin E <= JanopensetVin X suchthat U =V NE.

Aisclosedin E <= Jaclosedset Bin X suchthat A =BNE.



Connectedness

e Disconnected and connected

Let (X, p) be a metric space, £ C X.
E is disconnected if 3 nonempty disjoint sets U,V open in E suchthat E = U U V.
E is connected if it is not disconnected.

ie. if E=UUV, U,V disjoint and openin E, then U = @ or V = 2.

Open and closed in connected set

E is connected &= @ and E are the only subsets of E that are both open and closed in E.

Intervals are connected

In (R,d), E isconnected < E is an interval (a, b), [a, b], (a, b], [a, b)

or E is a single point.

Continuity preserves connectedness

f continuous on connected E = f(FE) is connected.

Intermediate Value Theorem

f : E — R continuous on connected E, fx)<y<f(2)
= 3¢ € E such that f(&) = y.

Path connected

E is path connected &< Vx,y € E, 3 a continuous function f : [0, 1] — E such that f(0) =x, f(1) = y.

Path connected implies connected

E is path connected = FE is connected.

Identity Theorem

Let f,g : I — R be analytic, where [ is an open interval.

E={xel:f(x)=gx)}

If E contains a cluster point of E, then f = g on I.



Stone-Weierstrass

e Uniform metric space

Let X be compact and C(X) = {f : X — R : f continuous}.
p(f,8)=1f-28lle= Su§|f(X) - g(x)].
Xe

Then f,, — fin C(X) & f, — f uniformly on X.
e Algebra

Let X be a set and A a set of functions from X to R.
Aisan algebraif f +g, fg, cfeA Vf,ge A, VceR.
A separates points of X & Vx,y € X, x # y, 3f € A such that f(x) # f(y).
A vanishes at no point of X <= Vx € X, 3f € A such that f(x) # 0.

A is an algebra = A is an algebra.
e Stone-Weierstrass Theorem

Let X be compact and C(X) the uniform norm space.
A S C(X), Aisan algebra, separates points of X, and vanishes at no point of X
— A = C(X).

e Weierstrass Approximation Theorem

f € C([a,b]) = 3 asequence of polynomials p, — f uniformly on [a, b].



Partial Derivatives

e Partial Derivative

i Pt he) = f@) aﬁ_f .

8xj h—0 h X j

e (" functions

Letf:V—->R" VCR" reN.,

f € C" (V) < all partial derivatives of f of order < r exist and are continuous on V.
e Clairaut’s Theorem

Let f:V —> R, VopeninR".

o2 f (&) = o2 f

c* (v
fecvy= Ox;0xy O0x0x

(a).

e Interchange of limits and integrals
Let f,, : I — R be continuous and f,, — f uniformly on I = [a, b].
b b
Then f is continuous on /, lim / fu(x) dx = / f(x) dx.
L= a a
e Interchange of derivative and integral

Let f: HXR > R, Hx[a,b] CR.

d [° o
If the relevant partial derivative is continuous, then - / f(x,y)dx = / 8_f (x,y)dx.
Y Ja a 0Y

Linear Transformations

e Notation
A € L(R",R™), A = [aij]msxn-
e Norm of matrix

|| Ax||
|All = sup ||Ax]| = sup -
lxll=1 x=0 |1l




IAx| < lA]l Il IAB]|| < [[A[llIBI|, 1A + Bl < [|All + |IBI| .
p(A,B) = ||A - B|| is a metric on L(R",R™).

1/2
2
IA]l < (Zai,») :

i,
e Cauchy-Schwarz

|- v < Yl V]



Differentiability

Total derivative

LetV C R" be open,a € V.
f is differentiable at a & 3T € L(R",R") such that

If(a+h) - f(a)-=Th|l _

lim =0.

h—0 1Al
Df(a)=T.

Continuous differentiability

LetV C R"beopenand f:V — R™.
If f is continuously differentiable at a, then f is differentiable at a.

If f is continuously differentiable on V, then f € C'(V).
Continuously differentiable implies differentiable
f is continuously differentiable at a = f is differentiable at a.
Chain rule

U CR", VCR"open, f:U—>R™ g:V—>Rk
f(U) cV, fdifferentiable at a, g differentiable at f(a)
= g o f differentiable at a, D(go f)(a) =Dg(f(a))Df(a).

Mean Value Theorem

Line segment

Letx,a € R".

The line segment between x and a is L(x,a) = {a+t(x —a) : 0 <t < 1}.
Convexity

E CR"isconvex < L(x,y) CE, Vx,y€E.



Scalar function MVT

Let f : V — R be differentiable on V, V C R" open.

V convex, x,a € V = 3c € L(x, a) such that

f(x) = f(a) =Df(c)(x—a)=Vf(c)-(x—a).
Vector-valued MVT

Let f : V — R™ be differentiable on V, 'V C R" open.
Vx,a € V with L(x,a) CV, 3dc € L(x,a) such that
1f(x) = f@ll < IDf ()l llx - all.

Continuity of derivative map

LetV C R"beopenand f:V — R™.
feC' (V) & Df:V — LR",R™) is continuous.

Bound on compact and convex set

Let f:V —>R"beC'onV, V CR"open.
If K € V is compact and convex, then 3M > 0 such that

1f ) = f@l <Mlx—all,  Vx,ack.



Inverse Function Theorem and Implicit Function Theorem

e Invertible

Let B € L(R"), A isinvertible.

_
2fja=1]

A — A~!is a continuous map.

A+ Band B € L(R") with ||B - A| < = A + Bisinvertible and [|(A + B)™!|| < 2[|A7"|.

C-Lipschitz

f:X — Xis C-Lipschitz if C < 1 and p(f(x), f(y)) < Cp(x,y), Vx,ye€ X.

Contraction Principle

Let (X, p) be nonempty and complete metric space.

If f: X — X is C-Lipschitz for C < 1, then it is a contraction and 3!x € X such that f(x) = x.

Inverse Function Theorem

LetV CR"beopen,acV, f:V—-R"be C'onV, Df(a) invertible.
= 3U > a, W 5 f(a) open such that f : U — W is one-to-one and onto,

LW o UisC and D(F Y (f(x) = (DF(x)™', VxeU.

Partial Jacobian

Let F=(f1,...,fm): U—>R" UCR"™ open, (x0,y0) € U.

‘3fi] %]
6)7]' m><m, (9)6]- m><n‘

D,F = [ D,F =

Implicit Function Theorem

Let U C R™™ be open, (a,b) €U, c eR™, f:U—-R"isC' onU.
f(a,b) =c, Dy f(a, b) is invertible.
= AV 34a, W > bopenand g : V — W such that foreach x € V
Aly €e W with (x,y) € U and f(x,y) = c, y = g(x).
geCl(V),  flxg))=c,  Dg(x)==[Dyf(x,g(x)] ' Df(x,8(x)).



Riemann-Lebesgue Theorem

e Upper and lower sums
Let P be subrectangles of P.

Uf,P) = D Me(Myv(M),  L(f,P)= > my(M)v(M),

MeP MeP
Mp(M) = sup f(x),  my(M) = inf f(x).
xeM Xx€e

/A £ =S L(f.P) /A f=infU(f.P)

e Measure zero

E has measure zero in R” &= Ve > 0, 3 a countable cover {A j};’.":l of E by closed/open rectangles

such that Z v(Aj) <e.

Jj=1
e Content zero
E has content zero if Ye > 0, 3 a finite cover {Ay,..., Ay} of E
N
by closed/open rectangles such that Z v(Aj) <e.
j=1

¢ Riemann-Lebesgue Theorem

Let f : A — R be bounded, where A is a closed rectangle in R".

f is integrable on A &< {x € A : f is discontinuous at x} has measure zero.

Jordan Measurability and Fubini

e Characteristic function

Let A be a closed rectangle in R", B C A.

1, xeB,

: A — R is the characteristic function, X) =
XB xB(x) {0, x e A\B.

10



e Jordan-measurable
E € R is Jordan-measurable if E is bounded and d E has measure O.
o Integrability of

XB
If E C A is Jordan-measurable for a closed rectangle A C R", then yg is integrable.

[ro= i

E has content zero &< E is Jordan-measurable and / xe =0.
A

E has measure zero and E is Jordan-measurable &= E C A for some closed rectangle A and / xe =0.
A

e Fubini’s Theorem

Let A CR", B C R™ be closed rectangles, f : A X B — R be integrable on A X B.

[ [{[rana)a=[([rwna)o.

In particular, if for each x € A, / f(x,y) dy exists, and for each y € B, / f(x,y) dx exists,
B A

then /AXBf:/A/Bf(x,y)dydxz/B/Af(x,y)dxdy.
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