
MATH 320-3: Real Analysis III Notes
Topology, Differentiability, and Measure

Compactness

• Covers

Let 𝐸 ⊆ 𝑋.

An open cover of 𝐸 is V = {𝑉𝛼 : 𝛼 ∈ 𝐴} of open sets 𝑉𝛼 in 𝑋

such that 𝐸 ⊆
⋃
𝛼∈𝐴

𝑉𝛼.

V has a finite subcover if ∃ a finite set 𝐴0 ⊆ 𝐴 such that 𝐸 ⊆
⋃
𝛼∈𝐴0

𝑉𝛼.

• Compactness

𝐸 is compact ⇐⇒ every open cover of 𝐸 has a finite subcover.

• Compact iff sequentially compact

In a metric space 𝑋, 𝐸 ⊆ 𝑋, 𝐸 is compact ⇐⇒ 𝐸 is sequentially compact.

• Heine-Borel

In a metric space 𝑋 with the Bolzano-Weierstrass property, 𝐸 ⊆ 𝑋,

𝐸 is compact ⇐⇒ 𝐸 is closed and bounded.

• Uniform Continuity

𝑓 continuous on compact 𝐸 =⇒ 𝑓 is uniformly continuous on 𝐸.

• Continuity preserves compactness

𝑓 is continuous on compact 𝐸 =⇒ 𝑓 (𝐸) is compact in 𝑌 .

• Continuity and pre-image

𝑓 is continuous on 𝐸 ⇐⇒ 𝑓 −1(𝑈) is open in 𝐸, ∀𝑈 open in 𝑌,

⇐⇒ 𝑓 −1(𝐵) is closed in 𝐸, ∀𝐵 closed in 𝑌 .
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• Extreme Value Theorem

∅ ≠ 𝐸 compact, 𝑓 : 𝐸 → R continuous

=⇒ ∃𝑥min, 𝑥max ∈ 𝐸 such that 𝑓 (𝑥min) = min
𝐸

𝑓 , 𝑓 (𝑥max) = max
𝐸

𝑓 .

• Continuity of inverse function

𝑓 continuous on compact 𝐸, 𝑓 one-to-one =⇒ 𝑓 −1 is continuous.

• Images and pre-images

Let 𝑋,𝑌 be sets and 𝑓 : 𝑋 → 𝑌 .

𝑓

(⋃
𝛼∈𝐴

𝐸𝛼

)
=

⋃
𝛼∈𝐴

𝑓 (𝐸𝛼), 𝑓

(⋂
𝛼∈𝐴

𝐸𝛼

)
⊆

⋂
𝛼∈𝐴

𝑓 (𝐸𝛼).

𝑓 −1

(⋃
𝛼∈𝐴

𝐵𝛼

)
=

⋃
𝛼∈𝐴

𝑓 −1(𝐵𝛼), 𝑓 −1

(⋂
𝛼∈𝐴

𝐵𝛼

)
=

⋂
𝛼∈𝐴

𝑓 −1(𝐵𝛼).

𝑓 (𝐴 ∩ 𝐵) = 𝑓 (𝐴) ∩ 𝑓 (𝐵) when 𝑓 is one-to-one.

• Dense and separable

Let 𝐸 ⊆ 𝑋.

𝐸 is dense in 𝑋 ⇐⇒ 𝐸 = 𝑋 ⇐⇒ ∀𝑥 ∈ 𝑋, ∀ open 𝑉 ∋ 𝑥, 𝑉 ∩ 𝐸 ≠ ∅.

𝑋 is separable if it has a countable dense subset.

• Lindelof’s Theorem

Let 𝑋 be separable and 𝐸 ⊆ 𝑋.

Every open cover {𝑉𝛼 : 𝛼 ∈ 𝐴} of 𝐸 has a countable subcover.

• Subspace topology

Let 𝑋 be a metric space, 𝐸 ⊆ 𝑋, 𝑈, 𝐴 ⊆ 𝐸.

𝑈 is open in 𝐸 ⇐⇒ ∃ an open set 𝑉 in 𝑋 such that𝑈 = 𝑉 ∩ 𝐸.

𝐴 is closed in 𝐸 ⇐⇒ ∃ a closed set 𝐵 in 𝑋 such that 𝐴 = 𝐵 ∩ 𝐸.
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Connectedness

• Disconnected and connected

Let (𝑋, 𝜌) be a metric space, 𝐸 ⊆ 𝑋.

𝐸 is disconnected if ∃ nonempty disjoint sets𝑈,𝑉 open in 𝐸 such that 𝐸 = 𝑈 ∪𝑉.
𝐸 is connected if it is not disconnected.

i.e. if 𝐸 = 𝑈 ∪𝑉, 𝑈,𝑉 disjoint and open in 𝐸, then𝑈 = ∅ or 𝑉 = ∅.

• Open and closed in connected set

𝐸 is connected ⇐⇒ ∅ and 𝐸 are the only subsets of 𝐸 that are both open and closed in 𝐸.

• Intervals are connected

In (R, 𝑑), 𝐸 is connected ⇐⇒ 𝐸 is an interval (𝑎, 𝑏), [𝑎, 𝑏], (𝑎, 𝑏], [𝑎, 𝑏)
or 𝐸 is a single point.

• Continuity preserves connectedness

𝑓 continuous on connected 𝐸 =⇒ 𝑓 (𝐸) is connected.

• Intermediate Value Theorem

𝑓 : 𝐸 → R continuous on connected 𝐸, 𝑓 (𝑥) < 𝑦 < 𝑓 (𝑧)
=⇒ ∃𝜉 ∈ 𝐸 such that 𝑓 (𝜉) = 𝑦.

• Path connected

𝐸 is path connected ⇐⇒ ∀𝑥, 𝑦 ∈ 𝐸, ∃ a continuous function 𝑓 : [0, 1] → 𝐸 such that 𝑓 (0) = 𝑥, 𝑓 (1) = 𝑦.

• Path connected implies connected

𝐸 is path connected =⇒ 𝐸 is connected.

• Identity Theorem

Let 𝑓 , 𝑔 : 𝐼 → R be analytic, where 𝐼 is an open interval.

𝐸 = {𝑥 ∈ 𝐼 : 𝑓 (𝑥) = 𝑔(𝑥)}.
If 𝐸 contains a cluster point of 𝐸, then 𝑓 = 𝑔 on 𝐼 .
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Stone-Weierstrass

• Uniform metric space

Let 𝑋 be compact and 𝐶 (𝑋) = { 𝑓 : 𝑋 → R : 𝑓 continuous}.

𝜌( 𝑓 , 𝑔) = ∥ 𝑓 − 𝑔∥∞ = sup
𝑥∈𝑋

| 𝑓 (𝑥) − 𝑔(𝑥) |.

Then 𝑓𝑛 → 𝑓 in 𝐶 (𝑋) ⇐⇒ 𝑓𝑛 → 𝑓 uniformly on 𝑋.

• Algebra

Let 𝑋 be a set and A a set of functions from 𝑋 to R.

A is an algebra if 𝑓 + 𝑔, 𝑓 𝑔, 𝑐 𝑓 ∈ A ∀ 𝑓 , 𝑔 ∈ A, ∀𝑐 ∈ R.

A separates points of 𝑋 ⇐⇒ ∀𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, ∃ 𝑓 ∈ A such that 𝑓 (𝑥) ≠ 𝑓 (𝑦).

A vanishes at no point of 𝑋 ⇐⇒ ∀𝑥 ∈ 𝑋, ∃ 𝑓 ∈ A such that 𝑓 (𝑥) ≠ 0.

A is an algebra =⇒ A is an algebra.

• Stone-Weierstrass Theorem

Let 𝑋 be compact and 𝐶 (𝑋) the uniform norm space.

A ⊆ 𝐶 (𝑋), A is an algebra, separates points of 𝑋, and vanishes at no point of 𝑋

=⇒ A = 𝐶 (𝑋).

• Weierstrass Approximation Theorem

𝑓 ∈ 𝐶 ( [𝑎, 𝑏]) =⇒ ∃ a sequence of polynomials 𝑝𝑛 → 𝑓 uniformly on [𝑎, 𝑏] .
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Partial Derivatives

• Partial Derivative

𝜕 𝑓

𝜕𝑥 𝑗
(𝑎) = lim

ℎ→0

𝑓 (𝑎 + ℎ𝑒 𝑗) − 𝑓 (𝑎)
ℎ

, 𝐷 𝑗 𝑓 (𝑎) =
𝜕 𝑓

𝜕𝑥 𝑗
(𝑎).

• 𝐶𝑟 functions

Let 𝑓 : 𝑉 → R𝑚, 𝑉 ⊆ R𝑛, 𝑟 ∈ N.

𝑓 ∈ 𝐶𝑟 (𝑉) ⇐⇒ all partial derivatives of 𝑓 of order ≤ 𝑟 exist and are continuous on 𝑉.

• Clairaut’s Theorem

Let 𝑓 : 𝑉 → R, 𝑉 open in R𝑛.

𝑓 ∈ 𝐶2(𝑉) =⇒ 𝜕2 𝑓

𝜕𝑥 𝑗𝜕𝑥𝑘
(𝑎) = 𝜕2 𝑓

𝜕𝑥𝑘𝜕𝑥 𝑗
(𝑎).

• Interchange of limits and integrals

Let 𝑓𝑛 : 𝐼 → R be continuous and 𝑓𝑛 → 𝑓 uniformly on 𝐼 = [𝑎, 𝑏] .

Then 𝑓 is continuous on 𝐼, lim
𝑛→∞

∫ 𝑏

𝑎

𝑓𝑛 (𝑥) 𝑑𝑥 =
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥.

• Interchange of derivative and integral

Let 𝑓 : 𝐻 × R → R, 𝐻 × [𝑎, 𝑏] ⊆ R2.

If the relevant partial derivative is continuous, then
𝑑

𝑑𝑦

∫ 𝑏

𝑎

𝑓 (𝑥, 𝑦) 𝑑𝑥 =
∫ 𝑏

𝑎

𝜕 𝑓

𝜕𝑦
(𝑥, 𝑦) 𝑑𝑥.

Linear Transformations

• Notation

𝐴 ∈ 𝐿 (R𝑛,R𝑚), 𝐴 = [𝑎𝑖 𝑗]𝑚×𝑛.

• Norm of matrix

∥𝐴∥ = sup
∥𝑥 ∥=1

∥𝐴𝑥∥ = sup
𝑥≠0

∥𝐴𝑥∥
∥𝑥∥ .
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∥𝐴𝑥∥ ≤ ∥𝐴∥ ∥𝑥∥ , ∥𝐴𝐵∥ ≤ ∥𝐴∥ ∥𝐵∥ , ∥𝐴 + 𝐵∥ ≤ ∥𝐴∥ + ∥𝐵∥ .

𝜌(𝐴, 𝐵) = ∥𝐴 − 𝐵∥ is a metric on 𝐿 (R𝑛,R𝑚).

∥𝐴∥ ≤
(∑︁
𝑖, 𝑗

𝑎2
𝑖 𝑗

)1/2

.

• Cauchy-Schwarz

|𝑢 · 𝑣 | ≤ ∥𝑢∥ ∥𝑣∥ .
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Differentiability

• Total derivative

Let 𝑉 ⊆ R𝑛 be open, 𝑎 ∈ 𝑉.

𝑓 is differentiable at 𝑎 ⇐⇒ ∃𝑇 ∈ 𝐿 (R𝑛,R𝑚) such that

lim
ℎ→0

∥ 𝑓 (𝑎 + ℎ) − 𝑓 (𝑎) − 𝑇ℎ∥
∥ℎ∥ = 0.

𝐷 𝑓 (𝑎) = 𝑇.

• Continuous differentiability

Let 𝑉 ⊆ R𝑛 be open and 𝑓 : 𝑉 → R𝑚.

If 𝑓 is continuously differentiable at 𝑎, then 𝑓 is differentiable at 𝑎.

If 𝑓 is continuously differentiable on 𝑉, then 𝑓 ∈ 𝐶1(𝑉).

• Continuously differentiable implies differentiable

𝑓 is continuously differentiable at 𝑎 =⇒ 𝑓 is differentiable at 𝑎.

• Chain rule

𝑈 ⊆ R𝑛, 𝑉 ⊆ R𝑚 open, 𝑓 : 𝑈 → R𝑚, 𝑔 : 𝑉 → R𝑘 .

𝑓 (𝑈) ⊆ 𝑉, 𝑓 differentiable at 𝑎, 𝑔 differentiable at 𝑓 (𝑎)

=⇒ 𝑔 ◦ 𝑓 differentiable at 𝑎, 𝐷 (𝑔 ◦ 𝑓 ) (𝑎) = 𝐷𝑔( 𝑓 (𝑎))𝐷 𝑓 (𝑎).

Mean Value Theorem

• Line segment

Let 𝑥, 𝑎 ∈ R𝑛.

The line segment between 𝑥 and 𝑎 is 𝐿 (𝑥, 𝑎) = {𝑎 + 𝑡 (𝑥 − 𝑎) : 0 ≤ 𝑡 ≤ 1}.

• Convexity

𝐸 ⊆ R𝑛 is convex ⇐⇒ 𝐿 (𝑥, 𝑦) ⊆ 𝐸, ∀𝑥, 𝑦 ∈ 𝐸.
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• Scalar function MVT

Let 𝑓 : 𝑉 → R be differentiable on 𝑉, 𝑉 ⊆ R𝑛 open.

𝑉 convex, 𝑥, 𝑎 ∈ 𝑉 =⇒ ∃𝑐 ∈ 𝐿 (𝑥, 𝑎) such that

𝑓 (𝑥) − 𝑓 (𝑎) = 𝐷 𝑓 (𝑐) (𝑥 − 𝑎) = ∇ 𝑓 (𝑐) · (𝑥 − 𝑎).

• Vector-valued MVT

Let 𝑓 : 𝑉 → R𝑚 be differentiable on 𝑉, 𝑉 ⊆ R𝑛 open.

∀𝑥, 𝑎 ∈ 𝑉 with 𝐿 (𝑥, 𝑎) ⊆ 𝑉, ∃𝑐 ∈ 𝐿 (𝑥, 𝑎) such that

∥ 𝑓 (𝑥) − 𝑓 (𝑎)∥ ≤ ∥𝐷 𝑓 (𝑐)∥ ∥𝑥 − 𝑎∥ .

• Continuity of derivative map

Let 𝑉 ⊆ R𝑛 be open and 𝑓 : 𝑉 → R𝑚.

𝑓 ∈ 𝐶1(𝑉) ⇐⇒ 𝐷 𝑓 : 𝑉 → 𝐿 (R𝑛,R𝑚) is continuous.

• Bound on compact and convex set

Let 𝑓 : 𝑉 → R𝑚 be 𝐶1 on 𝑉, 𝑉 ⊆ R𝑛 open.

If 𝐾 ⊆ 𝑉 is compact and convex, then ∃𝑀 ≥ 0 such that

∥ 𝑓 (𝑥) − 𝑓 (𝑎)∥ ≤ 𝑀 ∥𝑥 − 𝑎∥ , ∀𝑥, 𝑎 ∈ 𝐾.
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Inverse Function Theorem and Implicit Function Theorem

• Invertible

Let 𝐵 ∈ 𝐿 (R𝑛), 𝐴 is invertible.

𝐴 + 𝐵 and 𝐵 ∈ 𝐿 (R𝑛) with ∥𝐵 − 𝐴∥ ≤ 1
2


𝐴−1



 =⇒ 𝐴 + 𝐵 is invertible and


(𝐴 + 𝐵)−1

 ≤ 2



𝐴−1

 .
𝐴 ↦→ 𝐴−1 is a continuous map.

• 𝐶-Lipschitz

𝑓 : 𝑋 → 𝑋 is 𝐶-Lipschitz if 𝐶 < 1 and 𝜌( 𝑓 (𝑥), 𝑓 (𝑦)) ≤ 𝐶𝜌(𝑥, 𝑦), ∀𝑥, 𝑦 ∈ 𝑋.

• Contraction Principle

Let (𝑋, 𝜌) be nonempty and complete metric space.

If 𝑓 : 𝑋 → 𝑋 is 𝐶-Lipschitz for 𝐶 < 1, then it is a contraction and ∃!𝑥 ∈ 𝑋 such that 𝑓 (𝑥) = 𝑥.

• Inverse Function Theorem

Let 𝑉 ⊆ R𝑛 be open, 𝑎 ∈ 𝑉, 𝑓 : 𝑉 → R𝑛 be 𝐶1 on 𝑉, 𝐷 𝑓 (𝑎) invertible.

=⇒ ∃𝑈 ∋ 𝑎, 𝑊 ∋ 𝑓 (𝑎) open such that 𝑓 : 𝑈 → 𝑊 is one-to-one and onto,

𝑓 −1 : 𝑊 → 𝑈 is 𝐶1 and 𝐷 ( 𝑓 −1) ( 𝑓 (𝑥)) = (𝐷 𝑓 (𝑥))−1, ∀𝑥 ∈ 𝑈.

• Partial Jacobian

Let 𝐹 = ( 𝑓1, . . . , 𝑓𝑚) : 𝑈 → R𝑚, 𝑈 ⊆ R𝑛+𝑚 open, (𝑥0, 𝑦0) ∈ 𝑈.

𝐷𝑦𝐹 =

[
𝜕 𝑓𝑖

𝜕𝑦 𝑗

]
𝑚×𝑚

, 𝐷𝑥𝐹 =

[
𝜕 𝑓𝑖

𝜕𝑥 𝑗

]
𝑚×𝑛

.

• Implicit Function Theorem

Let𝑈 ⊆ R𝑛+𝑚 be open, (𝑎, 𝑏) ∈ 𝑈, 𝑐 ∈ R𝑚, 𝑓 : 𝑈 → R𝑚 is 𝐶1 on𝑈.

𝑓 (𝑎, 𝑏) = 𝑐, 𝐷𝑦 𝑓 (𝑎, 𝑏) is invertible.

=⇒ ∃𝑉 ∋ 𝑎, 𝑊 ∋ 𝑏 open and 𝑔 : 𝑉 → 𝑊 such that for each 𝑥 ∈ 𝑉

∃!𝑦 ∈ 𝑊 with (𝑥, 𝑦) ∈ 𝑈 and 𝑓 (𝑥, 𝑦) = 𝑐, 𝑦 = 𝑔(𝑥).

𝑔 ∈ 𝐶1(𝑉), 𝑓 (𝑥, 𝑔(𝑥)) = 𝑐, 𝐷𝑔(𝑥) = −[𝐷𝑦 𝑓 (𝑥, 𝑔(𝑥))]−1𝐷𝑥 𝑓 (𝑥, 𝑔(𝑥)).
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Riemann-Lebesgue Theorem

• Upper and lower sums

Let P be subrectangles of 𝑃.

𝑈 ( 𝑓 ,P) =
∑︁
𝑀∈P

𝑀 𝑓 (𝑀)𝑣(𝑀), 𝐿 ( 𝑓 ,P) =
∑︁
𝑀∈P

𝑚 𝑓 (𝑀)𝑣(𝑀),

𝑀 𝑓 (𝑀) = sup
𝑥∈𝑀

𝑓 (𝑥), 𝑚 𝑓 (𝑀) = inf
𝑥∈𝑀

𝑓 (𝑥).∫
𝐴

𝑓 = sup
P
𝐿 ( 𝑓 ,P),

∫
𝐴

𝑓 = inf
P
𝑈 ( 𝑓 ,P).

• Measure zero

𝐸 has measure zero in R𝑛 ⇐⇒ ∀𝜀 > 0, ∃ a countable cover {𝐴 𝑗}∞𝑗=1 of 𝐸 by closed/open rectangles

such that
∞∑︁
𝑗=1

𝑣(𝐴 𝑗) < 𝜀.

• Content zero

𝐸 has content zero if ∀𝜀 > 0, ∃ a finite cover {𝐴1, . . . , 𝐴𝑁 } of 𝐸

by closed/open rectangles such that
𝑁∑︁
𝑗=1

𝑣(𝐴 𝑗) < 𝜀.

• Riemann-Lebesgue Theorem

Let 𝑓 : 𝐴→ R be bounded, where 𝐴 is a closed rectangle in R𝑛.

𝑓 is integrable on 𝐴⇐⇒ {𝑥 ∈ 𝐴 : 𝑓 is discontinuous at 𝑥} has measure zero.

Jordan Measurability and Fubini

• Characteristic function

Let 𝐴 be a closed rectangle in R𝑛, 𝐵 ⊆ 𝐴.

𝜒𝐵 : 𝐴→ R is the characteristic function, 𝜒𝐵 (𝑥) =
{

1, 𝑥 ∈ 𝐵,
0, 𝑥 ∈ 𝐴 \ 𝐵.
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• Jordan-measurable

𝐸 ⊆ R𝑛 is Jordan-measurable if 𝐸 is bounded and 𝜕𝐸 has measure 0.

• Integrability of

𝜒𝐵
If 𝐸 ⊆ 𝐴 is Jordan-measurable for a closed rectangle 𝐴 ⊆ R𝑛, then 𝜒𝐸 is integrable.∫

𝐴

𝜒𝐵 =

∫
𝐵

1.

𝐸 has content zero ⇐⇒ 𝐸 is Jordan-measurable and
∫
𝐴

𝜒𝐸 = 0.

𝐸 has measure zero and 𝐸 is Jordan-measurable ⇐⇒ 𝐸 ⊆ 𝐴 for some closed rectangle 𝐴 and
∫
𝐴

𝜒𝐸 = 0.

• Fubini’s Theorem

Let 𝐴 ⊆ R𝑛, 𝐵 ⊆ R𝑚 be closed rectangles, 𝑓 : 𝐴 × 𝐵 → R be integrable on 𝐴 × 𝐵.∫
𝐴×𝐵

𝑓 =

∫
𝐴

(∫
𝐵

𝑓 (𝑥, 𝑦) 𝑑𝑦
)
𝑑𝑥 =

∫
𝐵

(∫
𝐴

𝑓 (𝑥, 𝑦) 𝑑𝑥
)
𝑑𝑦.

In particular, if for each 𝑥 ∈ 𝐴,
∫
𝐵

𝑓 (𝑥, 𝑦) 𝑑𝑦 exists, and for each 𝑦 ∈ 𝐵,
∫
𝐴

𝑓 (𝑥, 𝑦) 𝑑𝑥 exists,

then
∫
𝐴×𝐵

𝑓 =

∫
𝐴

∫
𝐵

𝑓 (𝑥, 𝑦) 𝑑𝑦 𝑑𝑥 =
∫
𝐵

∫
𝐴

𝑓 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.
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