MATH 320-2: Real Analysis IT Notes

Series, Uniform Convergence, and Metric Spaces

Series Convergence

e Convergence of series

n o)
Let s, = Z ak, Z ay converges if {s,} converges.
k=1 k=1
[ee)
Z ar = lim s,.
n—oo
k=1

e Divergence test

(o8]

If a; / 0, then Z ay diverges.

k=1
e Geometric series test
[ee] [se] a
Z ark converges < |r| < 1, Zark = .
1-r
k=0 k=0
e Cauchy Criterion
Z ay converges <= Ve > (0, IN € N s.t.
k=1
n
Z agl < e Vn>m>N.
k=m
e Tail converges to 0
Z ay converges = Ve > 0, 3N € N s.t.
k=1
Zak <eVn>N, Zak—>0asn—>oo.
k=n k=n
e Convergence iff absolutely finite
ar >0, Yk € N.



[

Z ay converges < {S,} converges & {S,} is bounded above.
k=1

p-series test
o 1
Z — converges &= p > 1.
k=1 92

Comparison test

0 < ay < by for large k.

Z by conv = Zak conv, Z ap div— Z by div.

Limit Comparison Test

ar >0, by > 0 for large &, lim E L.
k—o0 bk

)L >0: ZakconvﬁZbkconv.

1 L=0: Zbk conyv — Zak conv, Zak div— Zbk div.

Abel’s formula
n n—1

Vn>m>1, Z arby = Apby — Ap_1bm + Z Ar (b = brsr).

k=m k=m

Dirichlet test

[

If {A,} is bounded and by — 0, then Z ayby converges.
k=1

Alternating series test

If b, > 0and by — 0, then Z(—l)kbk converges.
k=1



Absolute Convergence

e Absolute Convergence

Z ay converges absolutely <= Z |ax| converges = Z ajy converges.

Z ay converges conditionally < Z |ay| diverges and Z aj converges.

e Rearrangement
(9] (o)
Z b is a rearrangement of Z ak
j=1 k=1

if 3 abijection ¢ : N — N s.t. ax = by(x).
e Rearrangement Thm

If Z ay converges absolutely, and Z bj is any rearrangement of Z ar,

then Z b; = Z aj so it converges.

e Limsup

Let {x,} be a sequence in R, x € R.
i) limx, = x & x,, < x for large n.
ii) limsupx, < x = x,, < x for infinitely many n.
iii) x, —» x = limsupx, = x.
iv) x, — —oco = lim sup x,, = —oo.

V) X, — 00 = limsupx, = .
e Root test

Let r = lim sup lag|'/¥ € R U {oo}.

k— o0

r<l— Z ay conv abs, r>1= Z ar div, r = 1 = inconclusive.

o Ratio test

Al+1
ag

If ar # O for large k, r =limsup

k— o0

r<l— Zak conv abs,
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Al+1
ag

> 1 for large k = Z ay div.

Ak+1
ag

If R = lim

, R<1l=—=— Zak convabs, R>1— Zak div, R =1 = inconclusive.



Uniform Convergence

Pointwise Convergence

LetE+9, f,: E—R.
Say f, — f pointwise on E
ifVxe E, Ve >0, AN e Nst. Vn > N, |fu(x) — f(x)| < e.

Uniform Convergence

Say f,, — f uniformly on E
ifVe >0, AN e Ns.t. Vn = N, |fu(x) - f(x)]<e VxeE.

Uniform convergence lemma

Ifda, e Rst. |fu(x) - f(x)| <a, VxeE,

and a, — 0, then f;, — f uniformly on E.
Uniform Convergence preserves boundedness

If f,, = f uniformly on E, each f, bounded on E,
then f is bounded on E.

Reverse Triangle Inequality
x| =yl < lx=yl, x|+ Iyl <lx—y| (asrecorded).
Uniform convergence preserves continuity

Leto#E CR, a€E.
If f, — f uniformly on E, and each f,, is continuous at a,

then f is continuous at a.

Uniform Cauchy Criterion

{fn} converges uniformly on E <= {f,,} is uniformly Cauchy on E

—Ve>0, IN e Nst. |fu(x) - fu(x)|]<e VYn,m>=N, Vx € E.



Uniform convergence preserves integrals

Leta < b inR, f,, — f uniformly on [a, b].

If each f;, is integrable, then f is integrable on [a, b],

b b x x
/ fa _>/ f, f fn —>/ f uniformly for x € [a, b].

Limit swapping

gn — g uniformly and each g,, continuous at ¢ € E = g continuous at c.

lim lim g,(x) = lim g,(c) = lim lim g, (x).

X—C n—00
Uniform convergence and differentiation

Let a < b, each f, dift’ble on [a, b].

If f, converges uniformly on (a, b) and f, (xo) converges for some xo € (a, b),

then f,, converges uniformly and (lim fn) = lim f, on (a,b).
n—00 n—0o0

Weierstrass M-test

fi tE—>R, VkeN, IMpeRst |fr(x)|<M,VxeE.

If Z My converges, then Z fr converges absolutely and uniformly on E.
k=1 k=1

Swapping series

[ee)

If i i a;j converges absolutely, then i i ajj = i Z aij.

i=0 j=0 i=0 j=0 j=0 i=0



Power Series

o Power series definition

A power series centered at xg € R with radius of convergence R

(o9

fx) = Z a(x = xo)k, ay € R.

k=0

f(x) converges absolutely for |x —xo| < R, f(x) diverges for |x — xo| > R.
f(x) converges uniformly on [a, b] C (xg — R,x0 + R).

1 1
— = lim

= — T or when the limit exists.
lim sup, _, ., |ax|! lgl k-

Ak+1

Continuity

f is continuous on (xg — R, xo + R) and on any [a, b] C (xo — R,xo + R).

Term by term differentiation

f'@) =) karle—x)*"', xe (- Ruxo+R).
k=1

f€C(xo—R,xo+R), F™ (x0) = nlay,.

Abel’s Thm

If f(x) converges at xo + R or xg — R,
then f converges uniformly on [xg, xo + R] or [xo — R, xo],

and f is continuous at the endpoint.

Term by term integration

If f converges on [a, b], then f is integrable on [a, b]

and we have term by term integration.

Analytic Function



Multiplying Series Thm
k

Let ag, by € R, Ck = Zajbk_j.
Jj=0

If Z ay and Z by converge and one converges absolutely,

then Z cr = (Z ak)(z by) converges.
If Z ak, Z b, Z ¢y converge on (—R, R), then Z cpxk = (Z akxk)(Z brx®)

Analytic function

Locally expressible as a power series.
f is analytic on (a, b) = Vx¢ € (a, b), 3 open interval (c,d) C (a, b)

f e C™(a,b) w/ xg € (c,d) s.t.

f()—zf (0) —-x0)%,  Vxe(ed).

Analytic M-test

Let f € C®(a,b), if IM > 0s.t. |f (x)| < M", Vx € (a,b), Vn €N,

= f is analytic on (a, b).
A power series is Analytic

A power series is analytic on its interval of convergence (—R, R).

f()—zf (XO) —x0)k  forx w/ |x —xo| < R — |xo].

Identity Thm

If f and g are analytic on (a, b) and f = g on (¢,d) C (a, b),
= f =gon(a,b).



Metric Spaces

Metric Definition
Let X be a set, p : X X X — R is a metric such that
pP(x,y) 20, plxy)=0=x=y, pxy)=pQ,x),
p(x,y) < p(x,2) + p(z,y).
Open and closed balls

B.(x)={yeX:pxy <r}, B.x)={yeX:p(xy) <r}
Open and closed metric spaces

Visopenin X & Vx €V, Je > 0s.t. Bo(x) C V.
E is closed in X &= E€ is openin X.

Sequential characterization of closed sets: Vx,, — x w/eachx, e E = x € E.
Completeness
A metric space (X, p) is complete if every Cauchy sequence converges in (X, p).
Sequential compact

E is sequentially compact <= every bounded sequence in E has a subsequence converging in E.

Limit of Functions

Cluster point

Let (X, p) be a metric space, E C X, a € X.
a is a cluster point of E &= V¢ > 0, Bs(a) N E contains infinitely many points
= V6>0, Bs(a)NE\{a} +2

&= dsequence {x,}in E \ {a} s.t. x, — a.
Continuity

ECX, f:E-—>Y.



fis continuous ata € E & Ve >0, 36 > 0s.t. 7(f(x), f(a)) <& Vx € Ew/p(x,a) <6é.
e SCL

lim f(x) = L & V sequences x,, w/ eachx,, € E s.t. x, — a, f(x,) — L.
xX—da

e SCC
f is continuous at a € E <= V sequences x,, w/ each x,, € E, x, — a, then f(x,) — f(a).
e Continuous functions

The coordinate function R” - R, x = (x1,...,x,) — x j 1s continuous.
Polynomials are continuous on R",  every rational of polynomial is continuous on R".

Composite of continuous functions are continuous.

Interior, Closure, Boundary

e Set union and intersection

Let (X, p) be a metric space, A be an index set.
Each V, isopenin X — U V4 is open.
acA
n
Each Vi isopenin X, k=1,...,.n = ka is open.
k=1
Each E,, is closed in X — ﬂ E, is closed.

acA

n
Each Eisclosedin X, k=1,...,n = UEk is closed.
k=1

e Interior, Closure, Boundary

intE ={x € E:3Je>0s.t. Bo(x) C E}.
Closure: x € E & Vr >0, B,(x) N E # @ & x is a limit point or x € E.
Boundary: x € dF <= Vr >0, B,(x) NE # @ and B, (x) N E€ # @.
E°isopen, Eisclosed, OE isclosed, E =E°UJE.
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e Closure

ACB=— ACB.
E is closed, Fisclosedand EC F = E C F.

E = ﬂ{F : Fisclosedand E C F}.

UB=AUB, ANBCANB.

b

e Duality and Boundary

(E)C = (E°)°, (E°)¢ = E°.
AE =ENE°=E\E°.
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