
MATH 320-1: Final Notes
Real Analysis I

Taylor Polynomial

• Taylor Polynomial

Let 𝑓 be 𝑛 times differentiable at 𝑎.

Define 𝑛th polynomial of 𝑓 centered at 𝑎 to be 𝑃𝑛 (𝑥) =
𝑛∑︁

𝑘=0

𝑓 (𝑘 ) (𝑎)
𝑘!

(𝑥 − 𝑎)𝑘 .

and the 𝑛th Taylor remainder to be 𝑅𝑛 (𝑥) = 𝑓 (𝑥) − 𝑃𝑛 (𝑥).

★ Condition: function can be approximated by polynomial.

• Taylor’s Thm

Let 𝑓 : [𝑎, 𝑏] → R be 𝑛th time differentiable, where −∞ < 𝑎 < 𝑏 < ∞, 𝑛 ∈ N ∪ {0}.

Then ∀𝑥, 𝑥0 ∈ (𝑎, 𝑏), ∃𝑐 between 𝑥 and 𝑥0 s.t.

𝑓 (𝑥) = 𝑓 (𝑥0) +
𝑛∑︁

𝑘=1

𝑓 (𝑘 ) (𝑥0)
𝑘!

(𝑥 − 𝑥0)𝑘 + 𝑓 (𝑛+1) (𝑐)
(𝑛 + 1)! (𝑥 − 𝑥0)𝑛+1.

nth degree polynomial of 𝑓 centered at 𝑥0 nth Taylor polynomial remainder.

Partitions

• Partition definition

i) A partition of [𝑎, 𝑏] is a finite set of points

𝑃 = {𝑥0, 𝑥1, . . . , 𝑥𝑛} s.t. 𝑎 = 𝑥0 < 𝑥1 < 𝑥2 < · · · < 𝑥𝑛 = 𝑏.

ii) Let 𝑓 : [𝑎, 𝑏] → R be bounded. 𝑃 = {𝑥0, 𝑥1, . . . , 𝑥𝑛} is a partition of [𝑎, 𝑏] .

Define the upper sum and lower sum as

𝑈 ( 𝑓 , 𝑃) =
𝑛∑︁

𝑘=1
sup

𝑥∈[𝑥𝑘−1,𝑥𝑘 ]
𝑓 (𝑥) (𝑥𝑘 − 𝑥𝑘−1),

𝐿 ( 𝑓 , 𝑃) =
𝑛∑︁

𝑘=1
inf

𝑥∈[𝑥𝑘−1,𝑥𝑘 ]
𝑓 (𝑥) (𝑥𝑘 − 𝑥𝑘−1).

Note: 𝐿 ( 𝑓 , 𝑃) ≤ 𝑈 ( 𝑓 , 𝑃).

Let 𝑃,𝑄 be partitions of [𝑎, 𝑏] . If 𝑄 is a refinement of 𝑃,

𝐿 ( 𝑓 , 𝑃) ≤ 𝐿 ( 𝑓 , 𝑄) ≤ 𝑈 ( 𝑓 , 𝑄) ≤ 𝑈 ( 𝑓 , 𝑃).
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Integration

• Notation

Let 𝑓 : [𝑎, 𝑏] → R be a bounded function, 𝑎 < 𝑏 in R.

Let 𝑃 be the collection of all partitions of [𝑎, 𝑏] .

• Lower and upper integrals

𝐿 ( 𝑓 , 𝑆) ≤ 𝑢( 𝑓 , 𝑄) ∀𝑆, 𝑄 ∈ 𝑃.

sup
𝑆∈𝑃

𝐿 ( 𝑓 , 𝑆) ≤ inf
𝑄∈𝑃

𝑈 ( 𝑓 , 𝑄).

i) The upper integral of 𝑓 on [𝑎, 𝑏] is
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥 = inf
𝑃∈𝑃

𝑈 ( 𝑓 , 𝑃).

ii) The lower integral of 𝑓 on [𝑎, 𝑏] is
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥 = sup
𝑃∈𝑃

𝐿 ( 𝑓 , 𝑃).

Note:
∫ 𝑏

𝑎

𝑓 ≤
∫ 𝑏

𝑎

𝑓 .

iii) Say the function 𝑓 is integrable on [𝑎, 𝑏] if
∫ 𝑏

𝑎

𝑓 =

∫ 𝑏

𝑎

𝑓 =

∫ 𝑏

𝑎

𝑓 .

• Comparison Thm for integrals

Let 𝑓 , 𝑔 be integrable on [𝑎, 𝑏], where 𝑎 < 𝑏 in R.

If 𝑓 (𝑥) ≤ 𝑔(𝑥), ∀𝑥 ∈ [𝑎, 𝑏], then
∫ 𝑏

𝑎

𝑓 ≤
∫ 𝑏

𝑎

𝑔.

In particular, if 𝑚 ≤ 𝑓 (𝑥) ≤ 𝑀, ∀𝑥 ∈ [𝑎, 𝑏],

then 𝑚(𝑏 − 𝑎) ≤
∫ 𝑏

𝑎

𝑓 ≤ 𝑀 (𝑏 − 𝑎).

• Approximation characterization of Integrability

Let 𝑓 : [𝑎, 𝑏] → R be bounded, with 𝑎 < 𝑏 in R,

and 𝑃 be the set of all possible partitions of [𝑎, 𝑏] .

𝑓 is integrable on [𝑎, 𝑏] ⇐⇒ ∀𝜀 > 0, ∃𝑃𝜀 ∈ 𝑃 s.t. 𝑈 ( 𝑓 , 𝑃𝜀) − 𝐿 ( 𝑓 , 𝑃𝜀) < 𝜀.

2



• Integrability of continuous functions

Let 𝑓 : [𝑎, 𝑏] → R be continuous, where 𝑎 < 𝑏 in R, then 𝑓 is integrable on [𝑎, 𝑏] .

• Domain splitting

Let 𝑓 : [𝑎, 𝑏] → R be bounded, where 𝑎 < 𝑏, 𝑐 ∈ (𝑎, 𝑏).

𝑓 is integrable on [𝑎, 𝑏] ⇐⇒ 𝑓 is integrable on [𝑎, 𝑐] and [𝑐, 𝑏] .

• Domain restriction

If 𝑓 is integrable on [𝑎, 𝑏], then it is integrable on [𝑐, 𝑑] ∀𝑐 < 𝑑 in [𝑎, 𝑏] .

• Endpoint don’t matter

Let 𝑓 : [𝑎, 𝑏] → R be integrable where 𝑎 < 𝑏 in R.

If 𝑔 : [𝑎, 𝑏] → R satisfies 𝑔(𝑥) = 𝑓 (𝑥) ∀𝑥 ∈ (𝑎, 𝑏),

then 𝑔 is integrable on [𝑎, 𝑏] and
∫ 𝑏

𝑎

𝑓 =

∫ 𝑏

𝑎

𝑔.

• Finitely many points don’t matter

i) Let 𝑓 : [𝑎, 𝑏] → R be integrable where 𝑎 < 𝑏.

If 𝑔 : [𝑎, 𝑏] → R satisfies 𝑔(𝑥) = 𝑓 (𝑥) for all but finitely many 𝑥 ∈ [𝑎, 𝑏],

then 𝑔 is integrable on [𝑎, 𝑏], and
∫ 𝑏

𝑎

𝑓 =

∫ 𝑏

𝑎

𝑔.

ii) Let 𝑓 : [𝑎, 𝑏] → R be bounded on [𝑎, 𝑏] and continuous at all but finitely many points,

then 𝑓 is integrable on [𝑎, 𝑏] .
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FTC

• Fundamental Theorem of Calculus

𝑓 : [𝑎, 𝑏] → R.

i) If 𝑓 is continuous on [𝑎, 𝑏] and 𝐹 (𝑥) =
∫ 𝑥

𝑎

𝑓 (𝑡) 𝑑𝑡,

=⇒ 𝐹 ∈ 𝐶1( [𝑎, 𝑏]), 𝑑

𝑑𝑥

(∫ 𝑥

𝑎

𝑓 (𝑡) 𝑑𝑡
)
= 𝐹′(𝑥) = 𝑓 (𝑥) for each 𝑥 ∈ [𝑎, 𝑏] .

ii) If 𝑓 is differentiable on [𝑎, 𝑏] and 𝑓 ′ is integrable on [𝑎, 𝑏],

=⇒
∫ 𝑥

𝑎

𝑓 ′(𝑡) 𝑑𝑡 = 𝑓 (𝑥) − 𝑓 (𝑎) for each 𝑥 ∈ [𝑎, 𝑏] .

4


